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Abstract
In the present paper some theorems on soft metric spaces are established for Non-expansive
mapping. The obtained results are generalized form of some basic fundamental results in fixed point
theory and very useful in engineering and agriculture studies. The results are established at the basis
of soft set principle.
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1. Introduction and Preliminaries:

The generalization of fixed point theorems for non- expansive mappings are very useful not only in
functional analysis but also in engendering, management, pure and applied physics.
Suzuki [15] defined and explained A class of generalized non expansive mappings on a nonempty
subset C of a Banach space X in 2008. The detail about soft sets, soft fixed point, soft metric space
can be seen in [3,4,22. 17]

Definition 1.1: (See [14]) Let M be a nonempty subset of a Soft Metric space(X,d,E). A
mapping F:M x M — X is called a non expansive ifd(FxSl,FySZ) < &(xsl,ySZ), for all x,,y,, €
M.

Definition 1.2: (See [14]) For a nonempty subset M of a soft metric space(X, d, E), a mapping
F:M x M - Xis said to be quasi non expansive ifd(Fxsl,zs3) < d(xsl,zSS), for all x,, € M and
z;, € SF(E), (where SF(E)denotes the set of all Soft points of E).

Definition 1.3: )
(See [14]) For a nonempty subset M of a soft Metric space(X, d, E), a mapping F:M — X is said

to satisfy the contractive-condition (CC) on M if%d(xsl,Fxsl) < d(xs,,¥s,) impliesd(Fxg,, Fys,) <
d(xs,,ys,) forallxg ,y;, € M.
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Obviously every non expansive mapping satisfies the contractive condition (CC) on M. But there
are also some non continuous mappings satisfying the condition (CC) (see [16]).

Definition 1.4:

(See [7]) For a nonempty subset M of a soft metric space(X,d,E) and o € (0, 1), a mapping
F:M - X is said to satisfy (CC,)-contractive condition on M if ad(xsl,Fxsl) < d(xs,,¥s,)
impliesd (Fx;,, Fys,) < d(xs,,¥s,), forall x;,y;, € M

Definition 1.5:

(See [7]) If M is a closed convex and bounded subset of (X,d, E), and a self mapping F on M is

non expansive, then there exists a sequence {fjfn} in M such that&(a?fn—Fffn) — 0, such a sequence
is called almost soft point sequence for F.

Definition 1.6:

(See [7]) Let M be a nonempty subset of a soft Metric space (X,d,E) and {fj‘n} be a bounded
sequence in (X, d, E). For eachx;, € X, we have

(i) asymptotic radius of {X} } at x; is defined by 7(x;, {%3, }) = lim sup d(%7 , x3)

n—-oo

(i) asymptotic radius of {£ } relative to M is defined by (M, {X}. }) = lim inf r

n—oo
(X;L, f/?fn): X € M.
(iii)  asymptotic center of {%} }relative to M is defined by A(M,{%} }) = {x, €
M:r(x;, {23, = r(M,{x D}
We note that A(M, {X} }) is nonempty. Again, if X is uniformly convex, then A(M, {x7 Dhas
exactly one point.
Definition 1.7:

(See [14]) A Soft Metric space (X, d, E) is said to satisfy the opial property if, for every sequence
{x3 }in Xwith £ — z,, we have rlll_z’{)lo infd (%3 ,2,) < Tlll_z’& inf d (%, y,) Whenever y, # z,.

2. Some modified Results:

2.1. Definition:

Let M be a nonempty subset of a soft metric space(X,d,E). Lety € [0,1] & p € [0, %] be soft
real numbers such that 21 < vy, a soft mapping F: M — Xis said to satisfy the conditionB,, ,on M if,
for all x;, Yy in M,

yd(%, F%) < d(%a, yy) + ud (v, Fyy), implies d(F%, F3,) < (1 -v)d(%, %) +
u(d(®, F%y) + d(%, FXy))
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Clearly, this class includes the class of non-expansive mappings (for y = u = 0).

Also, if a mapping satisfies the contractive condition (CC), then it will satisfy the condition B,, ,for y
= l”l‘ = O'

As  Sd(%, F%p) < A(%y, ¥y) = A(FZy, F¥y) < d(%;, ¥y) for (CC) condition

So, clearly, d(F%;, F¥,) < (1-y)d(®, ¥,) + u(d(X;, Fy,) + d(¥,, FX;)) fory = p =0, but the
converse is not true.

2.2. Lemma: Let M#£0 c X, F: M—X which satisfy B, ,condition. If Z, is a soft point of F on M,
then,

d(z,.Fx3) < d(z,,xy), forall x; € M.

Proof: Since yd(z,, Fz,) = 0 < d(z,,x;) + ud(x;, Fx;). By B, ,condition,

d(Fx,,Fy,) < (1 —;/)(I(Zp,xll)+,u(&(xl,sz)+d~(zp,FXi))
=(1 —y)&(zp,xl)+y(d~(xi,zp)+d(zp,Fxl))
(1 -y+u

- )a(zp,x,l) <d(z,x;) (@s2u<y)
So F is quasi-non expansive. However, the converse of above Lemma does not hold in general

= d(z, Fx;) <

Example

O ifX)L * 4

3 ifx, =4 Then F has a soft fixed point at x; = 0, and

Let F: [0, 4]->[0,4] defined byFx, = {
alsoF (x;) < x;, Vx; € [0, 4].

Hence, F is quasi-non expansive. We show that F does not satisfy the conditionB,, ,.

Forx; =4,y,=3
yd(x;, Fx)) =y <1+3u=d(4,3) +pd(3,F(3))

But d(Fx; Fy,) <d(F(4),F(3)) =3 and

(1-y)d(xsyyy) + p(d(xs, Fyy) + d(yy, Fx;)) =1-y+4u<1-y+2y  (v2u<vy)

<3 (asyel0,1]) B
= d(Fx,l,Fyn)

So, B, ,condition is not satisfied. The following are some basic properties of mappings which satisfy
the conditionB,, ,on M.
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2.3. Proposition:

Let M be a nonempty subset of a soft Metric spaceX. Let F: M —M satisfy the condition B, ,on M,
Then, for all x;, y, € Mand for, some soft number m € [0, 1]

(i) d(Fx,, F?x;) < d(x;, Fx;)
(i) at least one of the following ((a) and (b)) holds:

(8) 3 d(x2, Fxz) < d(x2,¥p)
(b) %'&(x,l, F?x;) < d(Fx,yy)
The condition (a) implies d(Faxy, Fy,) < (1 - %) d(xz, yy) + u[d(xz, Fy,) + d(yy, Fxy)]
and
The condition (b) implies d(F2xy, Fy,) < (1 — %) d(Fx;,y,) + p[d(Fx,, Fy,) +
a(yr]r szll)]
- ~ ~ m ~ ~ ~
i) d(x;, Fy,) < (3-m)d(x; Fx;) + (1 - ;)d(xa' Yq) + 1[2d(x;, Fx;) + d(x,, Fyy) +
d(yy, Fx;) + 2d(Fxy, F2x;)]

Proof: i) We have, forall x, e M
yd(x;, Fx;) < d(x,, Fx;) + pd(Fx;, F?x;)
So by the condition B,, , (replacingy, by Fx,)

d(Fx,,F2x,) < (1 —p)d(x,;, Fx,) +pd(x,, F?x,)
<(1 —7/)d~(x,1,Fx/l)+,u(d(x,l,Fx/1)+&(Fxl,szl))

= a(Fx,l,szl) < (1;}’;[!) a(xl,Fx,l) < a(x,l,Fxl)
i) We assume on the contrary that:
%a(x,l, Fx;) > d(x3,¥y) and%a(Fx,l, F%x;) > d(Fx,,y,), for some x;,y, € M.
Now
d~(x4,in)sd(xl,yn)+d~(y,7,Fxl)<%J(xl,in)+gd~(Fxl,F2xl) oy (i)
<%&(xbFxl)+%d(xﬂ,in)ga(xi,in) sincem<1
That isd(x;, Fx;) < d(x,, Fx;). This is not possible, so, at least one of (a) and (b) holds.
i) d(xy, Fyy) < d(x;, Fx;) + d(Fx;, Fy,)
If (ii) (a) holds,
~ ~ my -~ ~ ~
400, Fx) < A0, ) + (1= ) A6 y) + 1[G, Fyy) + A, F)]
< (3—m)d(xy, Fx;) + (1 - %) d(xy, ) + /J[Zd(xl, Fy,) + d(xy, Fy,) + cz(yn,Fx,-l) +
Zd(Fx,l,szA)]
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If (ii) (b) holds,
d(x;, Fy,) <d(x;, Fx;)+d(Fx,, F?x;) +d(F?x,, Fy,)

<d(x,, Fxl)+(1—%jd~(Fxl,xl)+y[d~(Fxﬂ, Fx,)+d(x,, szz)}
< (3—m)6(x/1, FXA)J{l_%j&(Xl’ yﬂ)+y[26(x,l, Fx/l)+d~(x,1, Fy,l)+&(y,7, Exl)+2J(Fx)y, szl)J

+(1—g]5(FXi, y,7)+,u[d~(Fx,1, Fy,)+d(y,. FZX&)J

= (3 -c)d(x,, Fx;) + (1 — %) d(x;yy) + pld(x;, F?x;) + d(Fx,, Fy,) +
d(yy, F?x3)]
< (3 - 0)d(xy Ex) + (1-5) d(xz yy)
+u[d(xy, Fxy) + d(Fx;, F2x;) + d(x;, F2x;) + d(xy, Fxy) + d(x;, Fyy) + d(yy, Fx;)
+ H(Fxl, szl)]
= (3 —c)d(x,, Fx;) + (1 — %) d(x;yy) + u[2d(x;, Fx;) + d(x;, Fyy) +
d(yy, Fxy) + 2d(Fx;, F?x;)|
2.4. Proposition:
Let M be a nonempty convex and bounded subset of a soft metric space X and F be a self-mapping
on M. We assume that F satisfies the condition By,u on M. For x;. € M, let a sequence {x} }in M
be defined by
= pFag + (1-p)xg, (2.5.1)
Wherep € y,1)-{0},n € N U {0}, then d(Fxfn,xfn) — 0asn - oo
Proof: Since p > ywe have

v, Fxi) < pd(xz, Fx7 ) = d(xz,, 3 L) (By (25.1)
ie. yd(xp, Fxp) < d(eq, x0t) + pd (et gt

So by the condition B, (fory; = x7*1)
d(Fx}ftll ) S A=A, gt ) +u[dOg Pty + d (e, Fxg )]
d(Fag, = G2 = (L= p)agith)) < dGf 23ty + w[d (xa SO - (-
PIXL)) + d(xz;i,mg]
For whichwe get (1 — u)réir?od(Fxfn,xfn) <0
= limd(Fxj ,x; ) =0 (Sinceu # 1)
n—00

2.5. Theorem

Let M be a compact and convex subset of a soft Metric spaceX. Let F be a self-mapping on M
satisfying the conditionBy, u. For x,‘{o EM, Iet{x,{‘n}be a sequence in M as defined in Proposition 2.6,

where v is sufficiently small. Then{x}' }converges strongly to a fixed point of F.

Proof: Since M is compact, there exists a subsequence { }of {3 Jand z, € M such that

{x;lj }converges to z, (see 15).
nj
Now, by proposition fory = %m e [0,1]
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yd(x,’ ,Fx,’ ) Z2d(x,’ ,z,) Impliesyd(x,’ ,Fx,” ) < d(x,’ ,2,) + ud(z, Fz,)
L. ~ n; ~_ nm; ~_ n;
So by the condition By, u we have d(Fx ;j,sz) <(A-y)d(x ij,zp) +u [d(x ij,sz) +

~ n]-
d(zp,Fx/lnj)]
Again
&(xzn"j Fz,) < d(x;:j ,sznij)+d(Fx2n"j Fz,)

< &(xgﬂjj , FXE:J- )+ (1—)/)6(X;:j 2,) +#[a(xgﬂjj Fz,)+d(z,, FXZ] )]

< d(xnj ,Fx;j )+ (1 - y)d(xnj 1 Zp) + 1 [d(xnj Fzy) + d(zp,x;j )+

So, taking n; — coand using proposition, we get
(1 — w)d(z,, Fz,) < Olmplies that Fz, = z, (Sinceu # 1)
Showing that z, is soft point for F. Now
At 2p) < pd(Fx},2,) + (1= p)d(x},, 2,)

< pd(an,Zp) + (1 - p)a?(x}{‘n,zp)

= d(x},,2p) forall n e N U {0}
Thus is a monotonically decreasing sequence of nonnegative real numbers and will converge to some
real, say u. Now

d(xj ,Fzp) < d(x} , Fx} )+ (1 —y)d(x} ,z,)

+uld(x} , Fz,) + d(2p, %1 ) + d (2}, Fx} )]
= d(x,{‘n,zp) < c](xfn,Fx}fn) +(1- y)d(x,{ln,zp) + u[Zd(x,{ln,zp) + d(x/{‘n,Fx/{‘n)]

Taking limitasn — oo, we get u < (1 — y)u + u(2u) = (y — 2u) < 0, which is possible only for
u = 0, since 2y < y. Hence, {x} }converges strongly to z,,.

2.6. Theorem

Let M be a weakly compact and convex subset of a uniformly convex soft Metric SpaceX. Let F be a
self-mapping on M satisfying the condition By ,u. Then F has a soft fixed point.

Proof: Consider the sequence {x} } in M as defined in Proposition
Then, limsupd (Fxj ,x} ) =0
As in [7], let g be a continuous convex function from M into [0, «) defined by

g(xz) = lim supd (x3 ,x,), forall x; € M

n—->oo

Again, since M is weakly compact and g is weakly lower semi-continuous, there is z, € Msuch that:

g(zp) = min{g(x;):x; € C}

d(xy,Fz,) < (3—2y)d(x; , Fx3 )+ (1 —y)d(x3,,2,) + M[Zd(xfn,Fxfn) +d(x3,2p) +

d(xi,Fx}) +2d(x}, Fx,{‘n)]
So, A -wlimsupd (xy,Fz,) < (1 —y+wlimsupd (x; ,z,)

n—oo n n—oo n

=  limsupd(x; ,Fz,) < A0 1im supd (x3 ,2,)
n—oo n 1-4 n-oowo n

=  g(Fz,) < 9(2,)
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Since g(z,) is the minimum. g(Fz,) = g(z,)
Now, if Fz, # z,, then as g is strictly quasi-convex, we have

9(2,) < g(pFz, + (1~ p)z,) <max{g(z,),9(Fz,)} = 9(2,)
Which is a contradiction, hence Fz, = z,.

2.7. Theorem

Let M be a nonempty subset of a soft Metric space X having the Opial property. Let F be a self-
mapping on M satisfying the condition By,u. If {x}fn} is a sequence in X such that:
(i) {x} } Converges weakly toz,,
(i) Limd(Fxj , {X;, }) = 0.Then Fz, = z,.

Proof:
ya(xﬁn, Fxj )< a(x}‘n,zp) < a(x}‘n,zp) + ua(zp,sz).

So, by the condition By,
d(Fx} ,Fz,) < (1 —y)d(x} ,z,) + pld(x} , Fz,) + d(z,, Fx} )] (2.8.1)
Now
ﬂ(xQH,sz)s&(x}ﬂ,ijﬂH&(FxQn,sz)
S&(XEH,Fxgﬂ)+(l—;/)a(xgﬂ,Zp)+,u[a(xgﬂ,sz)+&(zp,xgﬂ)+(5(xgﬂ,FX2ﬂ)}
by 2.8.1

So, taking limit as n—o0 and using (ii), we get
~ 1_ +u~ ~
d(x; ,Fz,) < 1’_’ﬂ"d(x3n,zp) <d(xj , z,)
So, liminfd(x} ,Fz,) < liminfd (x} ,z,) (2.8.2)
n—-oo n n—oo n
Let Fz, # z, Since x; — z, (weakly) the opial property, we have
limwinfd(x} ,z,) < liminfd(x} Fz,)
n—oo n—oo

This is contradiction to (2.8.2), soFz, = z,

2.8. Theorem

Let M be a weakly compact convex subset of a soft Metric space X with the Opial property, F be a
self-mapping on M satisfying the condition By ,u, and the sequence {x}{n} in M be as defined in
Proposition. Then {x,{‘n}converges weakly to a fixed point of F.

Proof: Itis clear that d(Fx} ,x} ) — Oas n —o.
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Since M is weakly compact, there exists a subsequence {x:’ } of {xf{ } and z, € M such that
nl- n

{x:ij}converges weakly to z,clearly z, is a fixed point of F.

We assume that {x7 }does not converge weakly to z,. Then there is a subsequence {x}’ } of {x% }
nj n

and u; € M such that {x:" } converges weakly tou; andu,; # z,. Again, Fu; = u,
nj
Now lim infd (x} ,z,) = lim mfd (x, ,z,) < lim infd (x,’ ,u)
n—oo n nj—o0 nj nj—oo n;

(by opial property)

= lim infd (x,’ ,u)) < lim mfd(x, ,z,) = liminfd (x} ,z,)
n; nj—0o0 n; n—-oo n

ni—)OO
This is contradiction, so {x}' }converges weakly toz,.
2.9. Lemma

Let M be a non empty closed and convex subset of a soft Metric spaceX. Let F be a self Mapping on
M satisfying the condition By,p. For x3 in M, let {x} }be a sequence in M defined by the above

iteration. Then limd(x% ,Zp) exist for all z, in F(F).
n—coo n

d0G™2,) = d(BFyy +(L-5o)Yy 12,) < Sl (Fy) 12,) +d(A-5,)Y) 12,)
< fad(yy 12,)+ (W= f)d(yy 12,) =d(y) 2,)

:oT(oanxfln +(1—an)X2h,zp)=an&(xnn,zp)+(l—an)d(x2n,zp)

That is a(xgn,z,,) is non-increasing and bounded sequence. Thus there exist for all z,, in F(F).
2.10. Lemma

Let X be a uniformly convex soft Metric space. Let {5,,} be a sequence of real numbers such
thatd < a < 6, < b < 1,Vn € Nand let {x} } and {y; } be sequences in X such

thatlimsup x; < r,limsup y;}, < rand lim[dnx,’fn +(1- (Sn)y,’fn] = r for some r > Othen

limd(x} y* )=0
n—-oo n’’ Mn
2.11. Theorem

Let M be a nonempty closed convex subset of a uniformly convex soft Metric spaceX. Let F be a
self-mapping on M satisfying B y, p condition. Let {x’ } be a sequence in M defined by the iteration

scheme where an, B € (0, 1). Then F(F) #¢ if and only if {x} } is bounded and limd(Fxj ,x} ) =
n—->oo

0.
Proof: Let F(F) #¢ and z,, € F(F)
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By lemma 3.15 limd (x} , z,) exist and {x} }is bounded.
n—-0o

limd(x} ,z,) = q (say) (2.12..1)
n—oo
Now
&(Fyg ,zp)sd(yg .2,) (by lemma 3.3)
<d(x] ,z,)
So lim sup d (Fyy,,2,) < lim supd (y7,,2,) < lim supd (x3,2,) =q (2.12.2)
n—-oo n—-oo n—oo
Also

lim d(x"%, 2 z,)= lim d(ﬁn(Fy (=) 2 )
n—o0
< I|m ﬂn ( yn ,zp)+nll_r)r;(1—ﬁn)d(y;n,zp)(ﬂn,zp)
= I|m d(xﬂm 2,)=0
So limd(Fyjt,yi) =0
n—co
Again we have
lim supd (Fxj,,2,) < limsupd (x3,,2,) = q (2.12.3)
n—-oo n—oo
Now
A3t 7)) < B d(Fy . 2p) + (1-BR)A (Y » 25) < B A(» 2p) + (1-BRA G, » 2,)
= q < limwnfd(y,,2,) < limsupd (yy,,2,) < q (using 3.7)
n—oo n—oo
= limd(y? =
limd(yy,,2p) = q
So lim|a, a(Fx}fn,zp) + (l-an)d(xfn ,2p)| = imd (O, , z,)=q (2.12.4)
n—oo n—oo
So
lim [d(Fx}fn,zp) - d(xfn,zp)] =0> limd(Fxfn,xfn) =0
n—-oo n—-oo
Conversely, let {x; }be bounded and limd(Fxfn,x,{ln) = 0. Letz, € A(M,{x }).
d( ,Fz )<(3 nDd( FX )+(l— j (x" ' p)
+u[25(x2h,Fx2n)+5(x” ,sz)+d(zp,szn)+25(Fx2n,F2x2n)J
s(3—nﬂd(x%,Fx1)+[ ]d(xi, z,)
+;1[Zd(x2n,sz)4—d(X2n,Zp)—kd(zﬁ,,sz)4—Zd(x2n,Fx2n)]
= (1—p)limsupd (x} ,Fz,) < (1 — % + ,u) lim sup d (x}. ,2,)
n—oo n n—-oo n
= limsupd (x; ,Fz,) < (m) lim sup d (x} ,2,) < lim supd (x3.,z,)
n—oo n 1-u n—oo n n—oo n
( 1-m/2+u m)
as ———————

<1 for2u<y=—
1—p OTH=Y=75

= r(Fz, {x}fn} < r(zp,{xfn})
So, Fz, € A(M, {x3. }).
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Since X is uniformly convex, soFz, =z, i..z, € F(F), hence F(F) is not empty
2.12. Lemma

Let F be a self-mapping on a nonempty closed and convex subset M of a Metric space X. Let F
satisfy the condition By,u on M. For xgo € M, we define a sequence {xj } in M by the iteration

scheme (3.10), where 0 < ay, b, < 1, then,limd(x} , z,) exist for all z, € F(F).
n—oo0o

Proof: Can be proved easily
2.13. Theorem

Let Fbea selfmapping on a nonempty closed and convex subset M of a uniformly convex soft
metric space X. Let F satisfy the condition By ,u on M. Let {x} }be a sequence in M defined by the
iteration scheme where 0 < a,,, b,, < 1andlir§oan = k(# 0). Then F(F) #¢ if and only if {x} } is
bounded and lilgod(Fxfn,x}[n) = 0. "

Proof: Let F(TIL?) #¢and z, € F(F). Then, ii_tgoa?(xfn,zp) exists and {x7 }is bounded

limd(x} ,z,) = q (say) (2.14.1)
n—-oo
we have d(Fy,;‘n,Zp) < d(y,;*n,zp) < d(x}[n,zp)
So lim sup d (Fyg,2,) < lim supd . 2p) < lim sup d (x} ,2,) = q (2.14.2)
. n—-oo n—-oo n—-oo n
Agalin,
6(x2+11,zp):d(Fz; ,zp)sd(z” &((1 an)x; +anFy zp)
sa@(W2,2)+a %W( )
S%&@;,QJ+G—%N(HH%)
< and((1 = bp)x}, + boFxy , 2,) + (1 — ap)d(x] , z,)
< an[bnd(Fx/{ln, Zp) +(1- bn)&(xfn,zp)] +(1- an)d(x,’fn,zp)
< a,b, d(Fx,{ln, Zp) + and(xfn,zp) — bnd(x,’{n,zp) + d(x,’{n,zp) — and(x,’fn,zp)
= d(x,{‘n,zp)
= d(x}fn,zp) (2.14.3)
Thus d(xgt,z)) = d(x) , z,) (2.14.4)
Again,
&(x,’{n,zp) < d(x/{‘n,zp) ,forall n e N U {0}
= [ SUD ¢ n < i SUD C n = .14.
,{LTZ‘O supd (Exy ,2,) < 15111010 supd (xln,zp) q (2.14.5)
Now we have
At z,) < and (0, 2p) + (1 — an)d (x7, 2p)
= d( o p) 1- an)d(x/lnfzp) = and(y#n'zp)
> q-— (1 —k)q < lim infd (¥, z,)
n—0o
= q< lim imfd (g, 2,) < limsupd (yg,2,) < q
n—->oo
= =
ggrgd(yn 1Zp) =4 ) )
Thus ,lll_f?o[bnd(Fxln'Zp) +(1- bn)d(xfn,zp)] = i%d(y#"’zp) =q
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we have limd(Fx} ,x}) =0
n—oo n n
For the converse part, let {x;' }be bounded and limd(Fx} ,x}) =0
n n—oo n n
Letz, € A(M, {x7. }).

lim supd (x} ,Fz,) < (1_%”
n-oo P A 5 op) = 1-u

1-m/2+

) lim supd (x} ,2,) < lim supd (x3,2,)
n—-oo n n—-oo n
= <1,f0r2u§y=%)

= r(Fzp, {x3 } <1(2p, {x}.})

HenceFz, € A(m, {x}. }), Xbeing uniformly convex, Fz, = z,, i.e. z, € F(F) Hence F(F) # ¢.
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