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ABSTRACT : In this paper, we define the notion of fuzzy HX field of a HX field and
some of their related properties are investigated. We introduce the concept of an image,
pre-image, anti image and anti pre-image of an fuzzy subset and discuss in detail a
series of homomorphic and anti homomorphic properties of an fuzzy set are discussed.
Keywords: fuzzy set, fuzzy HX field, homomorphism and anti homomorphism of an fuzzy
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INTRODUCTION

In 1965, Zadeh [7] introduced the concept of fuzzy subset pu of a set X as a function
from X into the closed unit interval [0, 1] and studied their properties. In 1988, Professor Li
Hong Xing [7] proposed the concept of HX ring and derived some of its properties, then
Professor Zhong [2,3] gave the structures of HX ring on a class of ring. R.Muthuraj et.al[6].,
introduced the concept of fuzzy HX ring. In this paper we define a new algebraic structure of
a fuzzy HX field of a HX field and investigate some related properties. Also we introduce the
image , pre-image ,anti image and anti pre-image of an fuzzy set in an fuzzy HX field and
discuss some of its properties under homomorphism and anti homomorphism.

PRELIMINARIES

In this section, we site the fundamental definitions that will be used in the sequel.
Throughout this paper, F = (F ,+, -) is a HX Field.

2.1 Definition [6]

Let R be a ring. In 2R — {¢}, a non-empty set 9 < 2R — {¢} with two binary
operation ‘ + ’ and ‘.” is said to be a HX ring on R if 9 is a ring with respect to the algebraic
operation defined by

I A+B={a+b/ae Aandb e B}, which its null element is denoted
by Q, and the negative element of A is denoted by — A.

ii. AB={ab/a e Aandb € B},

iii. A(B+C)=AB+ACand (B+C)A=BA+CA.

2.2 Definition[6]
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Let R be a ring. Let p be a fuzzy ring defined on R. Let 9 < 28 —{¢} be a HX
ring. A fuzzy subset A+ of 3 is called a fuzzy HX ring on 9 or a fuzzy ring induced by p if
the following conditions are satisfied. For all A,B €9,

i. A (A-B) > min { AM(A), A*(B) },
ii. A (AB) > min { A* (A), A+ (B) }
where A" (A) =max{ u(x)/ forallxeAcR }.

3. Properties of a fuzzy HX Field

In this section we introduce the new concept fuzzy HX field and anti fuzzy
HX field. We discuss the concept of image, pre-image, anti image and anti pre-image of a
fuzzy HX field under homomorphism and anti homomorphism.

3.1 Definition
Let (F, +,- ) be a HX field. A fuzzy subset A* of a HX field F is said to be a fuzzy
HX (FHXF) field of F if the following conditions are satisfied. For all A, B F,
Q) M(A-B) > min{ A¥(A), A¥(B) },
(i)  AMABY) > min{ \YA), AH(B) },
Where AM(A) = max{ u(x) / xe AcF}.

3.2 Definition
Let (F, +,- ) be a HX field. A fuzzy subset A* of a HX field F is said to be an anti
fuzzy HX (FHXF) field of F if the following conditions are satisfied. For all A , B €F,
(i) M(A-B) < max { \(A), A*(B) },
(ii) AM(AB™Y) < max { WY(A), AM(B) },
Where M(A) = min{ u(x) / xeAcF }.

3.3 Definition

Let u, A be any two fuzzy subsets of a set X. A fuzzy subset u N A is defined as
(LN A)(x) = min{ p(x), Mx)} for all x € X.

3.4 Theorem

If A* and 6 be two fuzzy HX field of a HX field F, then A* n 6" is also fuzzy HX
field of a HX field F.
Proof
Let AM and ©" be two fuzzy HX fields of a HX field F.
To prove that A\¥ m ©" is also a fuzzy HX field of a HX field F.
Forany A, B € F, we have

Q) WM e"(A-B) = min{ \M(A-B), 6( A-B)}
min{ min { \*(A) , A\Y(B)},min{ ©6%(A), 6%(B)}}
min{ min { \*(A) , O(A)},min{ A*(B), 6%(B)}}
= min{(A* N ©¥)(A), \* N 6¥)(B)}

Hence, (\* mn 6")( A-B) > min{(A* N O%)(A), AW n 6")(B)} .

v

(i) M eW(AB 1) = min{ \M(AB), OH(AB L)}

min{ min { \*(A) , AY(B)},min{ 6%(A), 6%(B)}}
min{ min { \*(A) , ©%(A) },min{ AX(B), O%(B)}}
min{(A* N O¥)(A), WM N O¥)(B)}

v
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Hence, (\F A OH)( AB 1) > min{(\* N OH)(A), (\F N OH)(B)} .

Therefore the intersection of any two FHX fields is also a FHX field of F.
3.5 Theorem
Let A" be a fuzzy HX field of a HX field F if and only if (AY)° is an anti fuzzy HX
field of a HX field F.
Proof
Let A" be a fuzzy HX field of F.
To prove that (A\M)® is an anti fuzzy HX field of F.
For any A,B € F ,we have
(i) M(A-B) > min{ AM(A), \*(B) }

o 1-(WYA-B) > min{ 1-(\N)° (A) , 1-(AW)° (B)}

< (W (A-B) < 1-min{ 1-(\N)° (A), 1-(\M° (B)}

< (W) (A-B) < max{ (W) (A), W) (B)}

(ii) AM(AB™Y) > min{ AY(A), AH(B) }
& 1-0MYABY = min{ 1-09)° (A) , 1-(\M)° (B)}
=S AN (ABY) < 1-min{ 1-(A)° (A) , 1-(A)° (B)}
e (NS(ABY) < max{ (W)°(A), (AH)°(B)}
Hence (A\M)¢ is an anti fuzzy HX field of F.

3.6 Theorem

If A and 6" be two fuzzy HX fields of a HX field F, then A" x ©" is also a fuzzy HX
field of a HX field Fx F .
Proof
Let AM and ©" be two fuzzy HX fields of a HX field F.
To prove that A* x ©" is also a fuzzy HX field of a HX field F x F .
Forany AB ,C & Ded ,we have
i. \Mx6eY((AB)-(CD)) = Wx6Y ((A-C), (B-D))
min{ A\M(A-C), 6" (B-D)}
min{ min { \* (A), A¥ (C)}, min{ 6" (B) , 6" (D)}}
min{ min { \* (A), 6% (B)},min{ \* (C), 6" (D)}}
min { (A" x ©%) (A,B), (AW x 6") (C,D)}
Hence, (\"x ©") ((A,B)—(C,D)) > min { (A" x O4) (A,B), (\* x M) (C,D)}
i. W xO" ((AB).(CDY)="x6" ((AB).(CtD?))

= (MMxoe¥ ((ACt ,BD1))

min{ A*(AC™1), e (BD 1)}
min{ min { \* (A) , A (C)}, min{ 6% (B) , 6 (D)}}
min{ min { \* (A), 6% (B)},min{ A" (C), 6" (D)}}
min { " x ©%) (A,B), (\* x 64) (C,D)}
Hence, (\"x ©") ((A,B).(C,D)™Y) > min { (A" x ©%) (A,B), (\* x ©4) (C,D)}
Therefore , A\ x O isa fuzzy HX field of a HX field .

I IviIv 1

In1viIv 1

3.10 Definition
Let F1 and F2 be any two HX fields. Then the function f : F1 — F2is said to be a
homomorphism if it satisfies the following axioms:
i) f(A+B) = f(A) + f(B) and
ii) f(AB) = f(A) f(B), forall AB € F..
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3.11 Definition

Let F1 and F2 be any two HX fields. Then the function f : F1 — F2is said to be an
anti homomorphism if it satisfies the following axioms:
i) f(A+B) = f(B) + f(A) and
ii) f(AB) = f(B) f(A), forall AB € Fy1.

3.12 Definition
Let F1 and F2 be any two HX fields. Let C and D are any two fuzzy sets in F; and
F2resp. Let f be a function from F; into F, then the image of C on F1 under f is defined as

ng(v):{max{ﬂé(U):Uef1(\/)},fl(\/)¢¢ and

0 ,otherwise

Where 752=f(44) also Pre-image of D on F, under f is defined as
(7 @5)) W) =n5(f)) -

3.13 Theorem

Let Fy and F2 be any two HX fields. Let Cand D are any two fuzzy sets in Fy and
F2 resp. Let f be an onto homomorphism from F; to Fe. If C be the fuzzy HX field of F1 then
f(C) is an fuzzy HX field of F».
Proof.
Let C be the fuzzy HX field of Fy then

() A#U-T) = min{#U), 2T}
(i) 2(UT?) = min{U),2(T)]
To Prove that f(C) is an fuzzy HX field of F».
LetV=f(U), W =1(T) eF>, where U,TeF.

Now ng[fU)-f(T)] = n2[f(U-T)] ( fishomomorphism)

24U -T) (fisonto)
> min {2(U), 2 (T)}

> min {75 (f(U) g (f ()]
Hence, 775 [f (U)— f(T)] = min {75 (f(U)n5(f(T))}

And
nsFOYEa) ] = nglfu) )

ng [t UT )]
nelfUT )
ZUT?) (fisonto)
min {2 (U), 2(T)}
min {775 (£ ()75 (F(T))}

Hence, 7% [ (U)(f(T)) ] = min {78 (fU)nE(f(T))}
Thus D =f(C) is an fuzzy HX field of F».

v v

3.14 Theorem
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Let F1 and F2 be any two HX fields. Let C and D be any two fuzzy sets in F; and
F2 resp. Let f be an onto homomorphism from F1 to Fo. If D be the fuzzy HX field of F>
then f-1(D) is a fuzzy HX field of Fi.
Proof.

Let D be the fuzzy HX field of F. then
() 750 -W) > minjpg (V). 7e)f . @) 7gwW ) =minsV).nW))
To Prove that (D) is a fuzzy HX field of Fi.
LetU, T e Fr and f(U) =V, f(T) =We Fa.
Now [f(g)U-T)] = @e)[fU-T)]
= ()| f)- ()] (f is homomorphism)
= (UD)[V W]
> min {78 (V),n% W)}
> min {ng(fU),75(f (M)}
> min {{f" (nD>}(u A (a)¥m))
>

Hence, [f7(73)(U-T)] = min {{f *(75)}U).{f *(5)}T)]

Also  [fr@me)uTh)

@) fUTY)

= (n2) [f(U)f(T‘l)] (f is homomorphism)
)| W) £ (1)

= (rg)|vw

min {78 (V), 78 W)}

min {{f 2 (75){U).{f (7)}T)}

Hence, [f*(7¢)(UT™)] > min {{f () HU).{f 2 (78)}T)}

Therefore, f1(D) is a fuzzy HX field of Fi.

VAR,

v

3.15 Theorem

Let F1 and F> be any two HX fields. Let C and D be any two fuzzy sets in Fy and F>
resp. Let f be an onto anti-homomorphism from Fi to Fo. If C be the fuzzy HX field of Fy
then f(C) is a fuzzy HX field of F.

Proof.
Let C be the fuzzy HX field of Fithen

() 2U-T) = min{U), 2}, (i) #UT?) = min{#U),2T)]
To Prove that f(C) is an fuzzy HX field of F».
LetV=1f(U),W =1(T) eF., where U ,TeF.
Now, n2[fU)-f(M)] = »2[f(T-U)] ( fisananti- homomorphism)
2(T-U) (fisonto)
> min {2 (T), 2 (U)}
> min {2(U), #(T)}

> min {55 (U )75 (F(T))}

Hence,  na[f(U)-f(T)] = min {5g(fU)7s(f(T))

min
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AR iy ] = melrwyf ]

S URY)

= /’tf(T‘lU) ( fisonto)
//(T—l(u—l)—l)
in {AT 1)U
in {2 (T), 2 (U)}
in {2 (U), 2 (T)}
>mn{nD(f WHUW)

Hence, 7 [f(U)(f(T) ] = min {ng(fU)ng(F T}
Thus D = f(C) is a fuzzy HX field of F,

YA \VARIVARNT
BBB

g8 B

3.16 Theorem

Let F1 and F2 be any two HX fields. Let C and D be any two fuzzy sets in F1 and F
resp. Let f be an onto anti-homomorphism from F1 to F... If D be the fuzzy HX field of Fy
then £-1(D) is a fuzzy HX field of F-.

Proof.Let D be the fuzzy HX field of F2then

@) 7eV-W) = min{pgV)mewW)} . (i) 72w ?) = min{p2V).nsW))
To Prove that f1(D) is a fuzzy HX field of F;.
Let U,Te Frand f(U) =V, f(T) =We Fa.

Now, [fi@e)U-T)] = @o)[fU-T)]
= [ 1 (T)-f ()] (f is an anti homomorphism)
(77D [ ]
min {78 W), 75 (V)|
min {78 (V),75 W)
min {7 (f(U ), 78 (f(T))}
mn{{f-lmp)}(u )L ()T}
min {{f () {U).{f ()3T}
(77D [f(UT_l)]
= (72) [ f(T’l)f(U)] (f is an anti homomorphism)
AOIHORIO)]
= (1) |W [ 71\/]
= ()| wrv )
> min {nZW ™), 75V )}
> min {n%W),78 )}
> min {5% V), 75 W)}
> min {{f (73){U).{f *(@75) D)}
Hence, |f(72)(UT™)| = min {f (&) HU)LF (23T}
Therefore, (D) is a fuzzy HX field of Fi.

Hence, [f*(73)U-T)]
Also e UTY)]

novovo v v
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V. Conclusion
In this paper we introduce the concept of fuzzy HX field and discuss the basic results

on HX subfield. Further investigation may be in fuzzy HX modules on HX module which
will give a new horizon in the further study.
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