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Abstract. It is shown that at an infinitesimal bending of a compressed rod beyond the elastic
limit, the secant modulus of its longitudinal fibers both in the zones of additional loading and
unloading moves along an infinitely small section of the tangent to the critical point on the

compression diagram o;j— &; . Each of the longitudinal fibers of a compressed rod under conditions

of infinitesimal bending has its own secant modulus, which linearly depends on the vertical
coordinate z; in the zone of additional loading it decreases, and in the zone of unloading it increases.
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Introduction. The phenomenon of instability is inherent not only in compressed rods, but
also in thin plates, shells and, in general, various thin-walled structures made of rods, plates and
shells, widely used in modern technology.

Loss of stability leads tostructural failure. Therefore, determining the magnitude of the critical
load is an important practical task in design. Its relevance is especially substantial for the elements
of building structures and aircraft, where it is vitally necessary to reach the maximum possible
weight reduction, for the creation of light optimal forms of structures, taking into account the
strength, rigidity, stability.

For the first time, the problem of the stability of a rod beyond the proportionality limit was
considered in 1889. Engesser [1] proposed that at the moment of loss of stability, additional loading
of some fibers and unloading of other fibers occur with a single tangent modulus. The load
calculated under this assumption is called tangentially modular load. Later, Engesser and Karman
solved the same problem, based on a different assumption, assuming that the unloading occurs
according to a linear law, and introduced the so-called reduced modulus into consideration.The load
calculated in this wayis called modular. Engesser's earlier work was recognized as erroneous.
Nevertheless, the discrepancy between theory and experiment continued to persist against the new
theory, since the experimental results systematically gave lower values of the critical load compared
to the reduced modular one, being in better agreement with the tangentially modular load.

The theory of stability beyond the elastic limit was further developed in the studies conducted
byShanley [2], with a carefully stated experiment; he established that the curvature of a compressed
rod begins under tangential-modular load. Taking this statement as a postulate, the author made a
theoretical analysis of the supercritical behavior of the rod at large displacements and showed that
the given modular load is an asymptote, achieved at an infinitely large deflection value. Since the
above analysis contains both concepts of critical load(relatively modular and reduced modular
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loads), the issue of the law of material unloading at the time of instability and after the release of
this work remained open. The following studies should be indicated except the listed ones [4-15],
the authors provided solutions to many problems related to the stability of structural elements.

Discussion. We assume that unloading occurs along a straight line My—2 parallel to the
tangent My—2 that refer to the initial point of the diagram o—¢ at an infinitesimal bending of the

rod (at the time of bifurcation); therefore, an instantaneous break of tangent |—I occurs (Fig. 1). In
this formulation of the problem the stability of the rod, its material is two-module; in the additional
loading zone, its module is tangent Ey , and in the unloading zone, we denote it by E , for E > Ey .
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Fig. 1. Compression diagram of a two-module material of the rod.
The secant modulusy/q in the additional loading zone is determined by the formula [3]:

A E
y/=l//0|:1+—ZZ[ ——kﬂ 1)
€0 Yo

and the secant modulus /5, related to the unloading zone is determined by the same formula, if

modulus Ey is replaced by E :

)
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Fig. 2. Diagram of changes in secant modulus.
Since the modulus Eis greater than the secant modulus of the critical point Mg, equal to

wo =19aq (Fig. 1), the secant modulus 5 isless thanyand, therefore, for a two-module
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material, the secant modulus in the unloading zone also decreases, as in the additional loading zone
(Fig. 2); with a smooth transition of the straight line My —1to the position M — 2, as shown in

[1], the secant modulusiy5 is greater than /q in the unloading zone.

It should be noted that in formulas (1) and (2), by which the moduli y71 and y, are

| . o d’Aw
determined, the infinitesimal bending strain Ay = — 5 , isa positive value.
X
For further calculations, it is advisable to represent the formula (2) in the form:
E A
vy —wo| 14 2% 4 1- 5k || A% 4. 3)
£ Yo £

where E* = E — E,

We write down the formulas for rigidities 1q; 1,; I3. Since the neutral axis in the considered
case of a two-module material does not coincide with the central axis Y1, and the secant moduliy/q
andy/, are determined by different dependencies (Fig. 2), the expressions for the rigidityshould be
written separately by zones:

= [wdA=[ydA+ [y,dA=
A A A

=, I{HA—Z{ —iﬂdA+
A ) Yo

Ty | 14 8% o1 B Y ga_ A% g jsz
0 & &
A, 0 Yo 0

or

|1_.//0j{1+—z[1 ‘//oHdA A% jsz_

) )

— oA+ 2 (g - Ek)jsz——ZE*.
120 A 20
The first integral on the right-hand side of this expression represents the static moment S of
the cross-section relative to the neutral axis that does not coincide with the central axis; it is non-
zero.
The second integral on the right side represents the static moment of the lower (second) part

of the section (Fig. 2) relative to the neutral axis; let us denote it by S, :

82 = JZdA. (4)
A
The formula for rigidity |, takes the form:
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Theexpressionforrigidity |, is written as

I, = Iwsz—wO j{1+A—z£l—E—j}sz+
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& Yo
A, 0
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The first integral on the right-hand side, as indicated above, is the static momentS of the
cross-section relative to the neutral axis; the second integral is the moment of inertia |yof the cross

section relative to the neutral axis; the third integral is the moment of inertia of the lower (second)
part of the cross section; we denote it by B, :

B, = [z°dA. (6)
A
The formula for rigidity I, takes the form:
A A
IZZWOS"'_Z(‘//O_Ek)ly SLE*B,. (7)
€0 €0

Theexpressionforrigidity |3is written as
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The first integral on the right-hand side is the moment of inertia Iyof the cross section
relative to the neutral axis; the second and third integrals represent new geometric characteristics of

the cross section, which relative to the coordinate Z are of a higher order than the moment of inertia
of the plane section. These new geometric characteristics of the section we denote by C :

C=[z%dAC, = [z%dA ®)
A
The formula for rigidity |5 takes the form:

A
I3 =yoly +—"(wO—Ek)c “LE'C, O
€0 0

We expand AM =—Ay |3+ gyl the basic equation for determining the infinitesimal internal
bending moment:

AM :—Allg +80|2 :—Ale/Ioly +

A A
iy -ge- s
€0 €0

A
+‘90|:‘/IOS +g—f(l//o ~E)ly - Ef E Bz}

or
AM I—A}(Ekly +80(,VOS —

A 2 . . (10)
—%[(Wo—Ek)C—E Cz]—AZE B,.

Since the static moment S , taken relative to the neutral axis, is a finite value, then the middle
term in the right-hand side of formula (10), equal to &qiS , is also a finite value. Then equation

(10) is impossible, because the remaining terms of this equation are infinitely small quantities.
Therefore, it is necessary to consider the static moment S as infinitely small quantity, that is, to

assume that the neutral axis y merges with the central axis of the section Y (Fig. 2).
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Consequently, the pointMg on the compression diagram (Fig. 1) is not special and the

tangent | — I goes into position M g — 2 smoothly without breaking.

With an infinitely small bending of the rod, the tangent line | — | remains common both for
the additional loading zone | and for the unloading zone Il (Fig. 2). This is only possible if we
assume that its material is one-modular.

The same conclusion can be reached if we consider the expression N = ggl; — Ay, for the
longitudinal force N under conditions of a two-module material.
Substituting expressions for rigidities (5) and (7) into longitudinal force formulas, we have:
N =sqly —Axlo = solyoA+

A Ay _«
+ X (o -E S - L E 52}—

) €0

or

N = gowoA—A—Z(Eks + E*SZ)—
)
(11)
Ay? )
~ 22y - Ec)ly —E Bz]
€0

The first term on the right-hand side eqwgA=0pA is equal to the external compressive

force F and is balanced by it, the last term can be eliminated since it is an infinitely small quantity
of a higher order than the other terms in Eq. (11); the middle term A—;((EKS + E*Sz)from the
€0
equilibrium condition must be equal to zero.
This is possible if:

S=0; E*=E-E, =0. (12)

Conclusion
The first condition requires that the neutral axis of the cross-section y coincides with the
central axis Yj (Fig. 2); the second condition will be fulfilled if at the initial stage of the bifurcation
of equilibrium states, at an infinitesimal bending of the rod, under unloading, there will be one
modulus Ej in the cross section.
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